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SUMMARY

Thi.. report presents data from which one may ofLain the probabilitv that a
pulsed-type radar system will detect a given target at. an\ range. ".h2is is in con-
tvasL to the usual method of obtaining radar range a,, a single numher, which can he

taken mathematically to imply that the probability of detecti'on. is ze-ro at any range
greater than this nurrber, and certainty at any range less than this num..er.

Three variables, which have so far received little quantitative attention it the

sub.ject of radar range, are introduced in the theorv:

1. The time taken to detect tlhz target.

2. The average time interval between false alarms
(false indications of targets).

3. The number of pulses integrated.

It is shown briefly how the results for pulsed-type systerms ay 1b applied in the.

case of continuous-wave systems.

Those concerned with systems analysis problems includine radar rterformance may
profitably use-this work as one link in a chain involving several probaLilities. For

instance, the Probability that a given aircraft will bhý detected at least once whilh,

flying any given path through a specified model radar network may be calculated u.sin;:

the data presented here as a basis, provided that. additional prof-abilitv data on such
things as outage time etc., are available.

The theory developed here does not take account of interference such as clutter

or man-mnde static, but assuwes only random noise at the receiver input. Also, an

ideal type of electronic integrator and detector are assumed. Thus the results are
the best that can be obtained under ideal conditions. it is not too difficult, how-

ever, to rnake reasonable assumptions which, will pernit application of t0,e re.sults to

the currently available types of radar.

The first part of this report is a restatement of known radar fundamentals and

supplies continuity and lackground for uhat. follows.

.,,,% ,,,aih.emacicai part of the theory is not contained herein, "ut c" issued

subsequenty as a separate report (23).
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SYMBOLS

A effective ar'a of antenna for recelvilIg.

B 6bcawidJh of antenna.

C --. JOCiLY 01 Ii•l~t.

C -r. total shunt capacity of input circuit.

= factor which accounts f,)r los,.es in transmission lines, i" F; i-,itcehs, atmros-

pheric absorption, etc.

C = rnms noise vol tape.

EP = transmitted energy per pulse.

E B = received enerfy per pulse.

fr = pulse repetition frequency.
fsc = scanning frequency.

* f -- bandwidth for noise purposes.

"" f' %- injput circuit bandwidth.

/ fc combined R F and I F landwidth of cont 1nu,i.-wave-.•v..te,, rctiver.

P = handitdh niultiplyiitg factor = I for simrple L C circuit.

y = number of pulses received during detection t tioe.

S g. - mut-ual conductance of first receiver tube.

- gain of transmitting antenna.

r = height of radar antcnna.r

.ht = target height.

1 0 (z)= modified Bessel function of the first kind.

"Boltzmann's constant.

X wave length of transmitt.er.

L sweep length in miles.

.n: r f
fa r

n' n/A

77 =number of pulse interveis per sweep.

'r. - num er of separate velocity chn.r'!Is i, continuous-wave-system 'eceiver.

A' nurr.mer of pulses integrated, or, in cw systezn, the number of independent vari-
ates (of length I/ LJCW) intcprated.

N N number of pulses per scan.
¢C

SY ,overall noise figure of the receiver.
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P N ý proliaIility that V pulses of noise will exceed a given level.

I' = probal'ility that N pulse.- of sig-nal plus noise will exceed t.e blia. level.

1'' probability tia" at least oie proup of N intcgrated pulses will exceed tie iias
level it!itin Lhe SiLtection tiMe.

a = average power.

P transmitted power.

I'min = mihimum detectablp power at. receiver.

p - effectivt. input noise pioxr to receiver.

r = resistance.

radar ratuge.

lima - maximum radar rang'e.

Ii -- idealized radar range.

Ri -quivalent noise resistance of first receiver stave.Pq

total shunt resistance of first receiver input circuit.

A R/ - range interval for ii.elerat.oni with a moving tarLet.

Ur = scattering" cress-seot ionri I area of 'tJrx<et.

T P pulse length.p

T fa lalse alarn, interval.

T = detection0 tim•e.

7. - nmximum integration time for novinV target

T aLsolute t.enmperature.

T a•Lsolute temperature of space radiation rectived 1.v aELtenna.
a

Tp = absolute tenperature of room.

1 = velocity oi the tarjet.

V = velocity of trav-ling pate.

V - visal,iliLy factor of receiver.

a: -angular velocity of antenna.

x received sirnal pulse energy in units i)f k TR '-P.

y noise level in units of the rrs value of noise -tHie bias level.
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A STATISTICAL THEORY OF TARGET DETECTION
BY PULSED RADAR

PART I -1 INTRODUCTION

THE USUAL RADAR RANGE EQUATION

Most radar engineers are now well acquainted with the t'ol loine equatioil uS,,:
to determine the maximum rane of a pulsed tadar svster,:

GA
max [

1 GA,

where
P = peaL transmitted po. er in %atIs.

Pmin r-ninimuom peak.detectable sipnal in watt.s.

jr = scatter~n, c'o's section of target in unit.- consisteliL Ait)i ra.•.e.
G = tain of transmitting antenna.
A = effective area of antenna for receiving- in Units consistent witl,

range (usually alout 2/3 ui the physical aperture, Ae = (;, 2/4r,).
a dimensionless loss factor wlhcl, accounts for atmospileric absorption,

losses in antenna and transiission lines, etc.

lMie number Of pitfalls that nov le encounlered in the u.S,, ol the above equation
are almost ýAtbout limit, and nanv of these difficulties fhave teen recocnized in the
past L . Three nk ?.le most troullesone are:

1. The Scatterzng Cross SectLon

In the case of moving 'targets, tlhe wide rar'iamion ov this quantity witII as-
pect, and hence ithi Linwe, is a matter of vital Loncern. The variation of'
crost section as a function of frequency may ailso lt" critical.

2. The Alininum Detectable Signal, P

The statistical nature of the noise with| which Pn. must compete traikes (1hi.
an ill-defxned quantity.

For references see page 80
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3. The Alaxi.mum Range, B

The statistical nature of �min in turn makes B a strAist.ical quantity.

There are also lesser troubles, such as the dependence of �, the loss constant
on the range, and the contribution of reflections f;com the ground, sea, or other oh-
Jects to the incident and rcceived powers. (One naist� also rcmaabei' that a target

cannot ordinarily be detected at ranges (in miles) ninth greater than 'JET -fV�
where h is the height of the radar �'nteona and the hei ght of the target

in feet,
except in the case of suporrefraction, or "ducts." See pp. 55-�8, Pef. (IP). This is
the familiar "line of sight" limitation due t.o the earth's curvature.

THE SCATTERING CROSS SECTION OF THE TARGET

[or a stationary radar observing a stationary target, the scattering cross sec-
tion is a constant. Although it may not be calculated for any hut. the moat simple
target shapes, it is not too difficult to measure. On the other hand, if either the
radar or tha target is in motion, the cross section becomes a function of time caus-

ing the return signal strength to fluctuate. In general, the plot of cross section
as a function of angle for a complex target such as an aircraft shows two interest-
ing features. There is a nearly coat' uoua rapid fhtctuation havine an angular pe-
riod in the neighborhood of a degree or so (for K in the microwave region), and a
slow variation with a period in the order of 200 or wore. Both of these variations

as great sa 30 db. The question at once arises: In lieu of using the corn-
plete polar cross section vs. average can

diagram of angle, what kind of figure be
used, and under what conditions? The answer to this question involve' such things
as angular r�ites of the aircraft with reapect to the radar, correlation times, rep-
et1t�on rate uf the radar, and number of pulses integrated. It is almost obvious
that tho only general way to treat this ccsapiex problem is to consider the cross see-

tion as a statistical variable. This approach seems mathematically feasible. Oowcver,
in the present report the cross section will be conaid�red to be a constant. An at-

tempt to justify this assumption is the following: 'Ihe rapidly fluctuating corre-

lation angle at half-pt�er points is perhaps 0. Ii'. The normal variation in attitude

angle of an aircraft may be about 30 per second. (This variation may l'e caused by Ismall rapid changes in pitch or roll due to normal turbulence of the sir as well asby systematic. changes in position.) Thus, the corresponding correlation time for
isaround 1/300 second, If the observation time is essentially greater than this
period, it. may be ai�sutred, as a first approxirnetion, that. the rapid fluctuations in * 1
the cross aecti-on "average out." -

Th� ama variations (period around 20") may or may not average out.. However, if
the average over all Iike�y attitudes is used for �', or tobe more exact, if a weighted
average in taken for o according to the probability for any attitude, thcn the 1 ,roh-
uhi 1 ity of detection amy riol: be changed very much. Henceforth, in this report 7

�vil I be assumed to be a constant, on the Oasis of the above statements. It may be
aienti.otied in passing that �r losca its weaning if the target is not uni fornily ilium-

inat.ed. Such can he the case, for example, if waves reaching the target via two or I
more paths combine ip produce art interference pattern at tIle target. This effectexists in the detection of nips hy surface radar.



THE, MINIMUM DEFTECTABJLE SIGNAL

As is well known,'"" the mjinimumr detectable signal power intaradar receiver
is fundamntnally limited by three main factcrs; i.e., Johnson noise in circuit ele-
nent~s of the input circuitis, shot. effect. and other noise in the first tube (and to
some small extent succeeding tubes)t and counic noise picked up by the antenna. TIhere
may also be m'an-made inter'ference such as enpine noise, radiations from other radars
and radio transmitLei-, etc Clutter cauned by sea return, rain, clouds, land masses,
etc., may reduce the minimum detectable signal by a considerable amount. The effects=

of clutter and man-made interference are complete subjects in themselves,(a and
will not be treated further in this paper. A study will he made here of radar ranpe

in the absence of such interference. It. is not too optimistic to suppose that. vir-
cuits will eventually be designied which will largely eliminate man-made ixnterference,

and most types of clutter.

Thc mean squared noise voltage across a resistor of resistance r is given by

4kTr1\f (2)

whe re
k = oltzmeanns ronstant , 1.3010-t2  joul es/degree

T =absolute temperature of the resistor
Af =the frequency interval under consideration.

Though the noise at. the input circui t of a receiver is usually several times this

value, it provides a convenient scale for neasuring the input noise. 'Ihe effective

input noise power is defined to be

p k "f ri(3)

Where NF is the so-talled noise figure of the receiver, and T Ris the absolute room
temperatutre. * If a signal power of the same value as p were Lnc iderzt on the antenna
and the receiver were noiseless, then the output. would be the same as in thbe case
when noise only was pl'esent.

At this point, one important result concerninp the noise figure due to Heroldt')

in pcrtine~n:

a eq +(4

where
7 alsolute teperature of space rad;~ioim received Ly the antenna.

room temperature.

-~ )Complete diqsussions and derivatiuns; will be founed in the Mathenmati~al Appendix (a separat.-



"• A ' •bandwidth of input circuit.
G total shunt capacity of input circuit.
R =equivalent noise resistance at input (due mainly to shot noise in

first tube) ; .2.5/pg for triodes.

F = a factor depending on the exact type of input circuit coupling (: 1
for simple tuned circuit).

BR - input shunt resistance including efbect of finite input resistance

of tube.

f(PR) -a function of R , PeqI C and Af',

This formula assumes a more or less conventional type of input tubes, such as the

V II F triodes and pentodes. However, it seems reasonable to believe that the gen- I
eral conclusions which are reached from Eq.(4) will apply to velocity-modulated input
tubes as well.

The nain points to be noted about Eq.(4) are these:

1. f(R 1 ) approaches zero as R, approaches infinity. BR may be increased by bet-

ter tube design.

2.C/g. should be made as small as possible in a tube used as the first amplifier.

3. Long pulses tend to allow smaller bandwidths for the input circuit, and hence

lower noise figures.

4. If R1 CAf' is made small enough, and R1 large enough, the noise figure willeq "

approach T/TR. 'T

Point 4 is of the greatest importance. It sets a limit or. the noise figure when there
are no sources of noise in the receiver itself. Through such a receiver will never be

built in practice, it may he possible sone day to approach closely this ideal state.
Then the input noise will be almost entirely dependent on the temperature of space;*

or, in other words, on the noise received by the antenna from without the radar set.

That this state of affairs is not yet at hand is evidenced by the fact that at present

the noise figure for microwave receivers is around 10, and for longer-wave receivers

perhaps as low as 3 or 4.

The concept, often stated, that the ideal noise figure of a receiver is 1.0 is

erroneous." This would be true only if the temperature of space were the same as

room temperature. Actually the temperature of space decreases rapidly with decreas-

ing wave lpwgth, (a)

Tnough the noise figure can be decreased by increaBing Tfi, this would incresae the actuel
istput naoie, as is apparent from Eq. (3).

"he noise figure of a receiver may be defined in moch a way that the antenna muat be re-
pl.c--d by & resistor at room temperature equal to the radiation resistance of the antenna.
In this case the-ideal noise figure of the receiver would be 1.0.

4



TIhe average space temipvrat tre' is arounid r-oom temperaiturv at 18~0 airEgacycles and
drops to around 300 absolute at, 450 rnegacycles. ("2) No Pood mleasuremient., are avail-
able in the microwave repion, but there is reason to believe. that value.. of IV~ or
lower may he found. If this proves to be. true, then it is conceivable that, the noiose
figure of future microwave receivers may be improved by a fantor of 100, which would
mean that thbe range of radar sets could be more than t-ripled as a consequence of th1.i
one factor. It is certainly a field where research should he pushed to the utmost.

It has often been the practice to calculate the maximum range of a radar setL
from (11) by assumning thatP P 5 ý kTR £fNI' or that. the minimum detectable sienal power
is just equal to the average noise power.

This gives

V PtGA o-I

kTI? f

Now-the energy per pulsý is represented by

E PT (6)
P r p

5where r p is the pulse length. Making this rsubstitution in (5) gives

'A o-

pý (7)

It is usually said that if -r pAf is made t~qual to 1, the amplitude of the pulse after

passinp through the amplifier will not differ much from the amplitude which would re-
suit if the pulse were infinitely long. Without further ado, -iAf is put equal to
1, and the resultant equation

mSax L(R)~ilp

emerges as the radar range equation. Now the unfortunatce fact (in some, rtfspects) is
Ohat. the rangje of a radar set calculuted by means of this- formula often turns; out. to
be rather close to the experimental rangre. Naiurally, under these- circumtstances geaet
effort has not becn expcnaied in investigating the validity of radar-range eqctut.vons.A

There is a variation of the space temperarture with direct~ioný'"). Whcn the ant-enna points
near the hurizo;I, thle teaperat~ur± mray be higher tLian when it iq pointed at. the zenith. In
particuar ecife fany t~apperib pireoteraitions wilhaeateperature nearyon,t the thera radi-a
partionrcular, ifrk anyarae daret.iofs wilhev rav teprturie ithea erqundl the thera ractu-
temperature of the surronnuhings.
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The reasons for the agreement of ,equation (8) with experiment are many. First
of all, the cross section has been, in most cases, determined by observing the max-
imum range of a particular target and solving equation (8) for o-. This one fact
alone accounts in no small way for the agreement. Secondly, the fourth power law
makes R rather insensitive to changes in the various parameters concerned in eqxii-
•tion (81.X A much fairer test. is to compave respective values of R4  rather thanmax

Equation (8) is in no sense perfect with regard to its agreement with experiment,
Errors of as much as ± 30% are cormon, and factors of 2 can often be fcund. flowever,
considering all the unknown factors present in en experimental determination of max-
imam range with an operational radar set, this agreement is considered to be quite
good.

In any field of science, theoretical equations are deduced to explain observe]
data. However, one is very cautious in using these equations to predict. results for
other experiments where the values of many of the variables differ greatly from those
used in the particular experiments already performed. Most of the radar sets built
to date have operated within essentially narrow limits as far as some of the pare-
meters are concerned. Particular examples are pulse repetition frequency, and, most
important, the number of pulses integrated. This latter quantity is not even men-
tioned in equation (8); but, as will be seen in the next section, it is of vi'tal im-
portance. ,

The task is now two-fold:

1. To make a satisfactory statistical definition of the range of a radar system.

2. To determine the dependence of this quantity on the parameters of a (pulsed)
radar system.

6
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PART I I

THE STATISTICAL PROBLEM OF THE MINIMUM DETECTABLE SIGNAL

AND THE MAXIiMUM RANGE

GENERAL BACKGROUND

It has been realized by many workers in the field" that the range of a radar set

is a statistical variable and must be stnted in terms of probabilities rather than in

the exact terms of an equation such as (8). However, the evolution of a practical

working theory does not seem to have been accomplished so far. The following work is

a first step in that direction.

Before beginning the explanation of equations and derivations, it will be well

to glance at some of the new ideas which will be included.

The random noise, which limits the range, can at intervals assume large values

due to its statistical nature. This means that there will inevitably be times when a

random fluctuation of the noise will be mistaken for a signal. The average interval

at which such undesirable events take place will be cc-iled the false alarm time, and

it will be found that the probability of detecting a target will be a function of

this time. Let the reader at once be cautioned against thinking, "If it were a noise

flash, I can easily tell by looking a littlf. later. If it were a sienal, it will

still be there; if it were noise, it will be gone."

The second new parameter which will he introduced is the detection time. It is

apparent that if an observer can spend sufficient time in deciding whether or not a

target is present on an oscilloscope screen, the probability of a correct decision

being reached will be increased. It is alse obvious that in any practical situation

in which radar is used one cannot take unlimited time to decide wheLher or not a tar-

get is present. To put things on a quantitative basis, the time in which a decision

shall be rendered must be specified. In this event, there will not always be time

for the "second look" just mntioned; but should time permit, then Lhe probab.lity of

dctecting a target will be increased at the expense of a longer detection time. Even

so, there will still be a certain lesser prubability that the noise flashes will ocr

cur on both occasions. Further, it- wi I be found that, the velocity of a moving tar-

get has an appreciable effect on the detection probability, due to the fact that the

signal fron such a target does not "remain stationary" (see page 16).

Foe an excellent qualitative statement of the prubleem, see Biiation Laboratory Series No.1,
pp.35-47, lief.0(8). ;i
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iPnEbLI1NAflY STEPS

It, is dteSirahice to preseit, data in the m'ost compact forml, and the first .step in
t hi.s direction is the elimination of the necessity for the appeprance of such para-
meters as Ef (., it L, Ssand &Y in the final results. To this enid, a parameter ]in

k P,
is defined *hiich is given 1by a slight. modificat-ion of Eq. (7), as follows-

E-C E (P&~7 FGA o V
677~k 1 AF

Here, the factor 11/Tr Af has been replaced by 1, the so-called visibility factor.*
Thi fa.Lo wil away.9he less Lhan I but usually not less than 01.8, except, when (ie
Dope efc i eylarge. Bwilbcaedthe "idealized range." foi lack of a

Now et itereceived energy per pulse at any range R1 be ER. lheni it is clear
from the equations (9) that T 1()

oqto delining

a
kTRAF (1

aX~ (12)

ilh,. derivatior, of exact formrulas and nwna~rous curves of visibility factors us a function of
V1Mbe width, bandwidth, type of amplifier, anti off-resonance of carrier frequency ,ilIlo
fatied in the Mthematical App,,adix (a separate report) (2:1) The visibi Lity factar i, atit-
ally given by

where E is the maximum Voltare Lo Vilinc the plerises; at tile receivor output, ond F,

Kis the gteildy state val :age at the same p-iint. lb uniysu be contiaine

pulse, the visibii~ty Fal or is exactly unttjt(
4
) h ojht rasomo h

41



where I is now the signal pulse energy in units of the everupe receiver noise pul se
energy. As an example, suppose M~, which means that the signial power equmls foul,
times the average noise power. Suppose the prokolility is calculated to he 0.5 that
in this came the sipunal will be detectahle. TIhere is then u point PO.5 n t. Rl0.7f0 .
When aseries of such pomnt s are calculated for various values of x , a curvv for P asý
a fllnction of' 410,L ov 4' drawn, assuming 6w~d false al ari t irro, etc.

INTEGRATION OF PULSES

Pefore proceeding futher, the meaning of pulse integration must he defined in
detail. An its simplest form, it merely consists of addinE N successive signal pulses
together and attempting to detect the gum rather than an individual pulse. N~v, what-
ever the integrating device may Le, it. will not know in advance whether there is a
signal or not, and hence in the absence of a sienal it will add up A successive noise
pulses;. Therefore, the comparison is between N signal plus noise pulses and N noise
pulses as contrasted to a single signal pulse to a singlte noise pulse. (ne might. he
tempted to say that the signal to noise ratio would he unchanged, and that integra-.
tion, Or addition, of pulses therefore offered no advantage. 'Ihis argument neglects
the fact that the noise voltage fluctuates about its average value~ The mean or aver-
age value of the noise voltage is not of too much concern, for it can always be "bi-
ased out.."* If we idd N signal pulses of voltage V, the total signal voltage is AV.
If we add N noise pulses of averafre voltage 11N , the average suem will he NVYN. Hlow-
ever, the average sum can he balanced out. 'Ihe question is, whether or not. the flue-
Lustion in the suma voltage is now Ntimes the fluctuation voltage of Sipple pulse.
If the answer were yes, then integration would be fut-ile. Eowever, due to the randum
natureY of the fluctuaat~ion of any single pulse, the fluctuation voltage of the sum is
prnly about VW times the fluctuation voltape of a single pulse. It is the signal to
nonse-.ftuctuation*- ratio, not the .uigal to avreage noise rutto that is of p'nramount
importance. Ihe greater the number of pulses integrated, the preater is the signal
to fluctuation ratio, sad the greater is the pvol~abili ty of detecting the siprnal, but
at the e~xpense of longer detection time6.

DEFINITION OF DETECTION AND THE 13IAS LEVEL

liefore the false alarm time ran be calculated, a drfinitioni of "doe etinn of a
sipnal" nust. he given- leteeri ion of a a ipoal is said t o occur whenever the outpujt
of the receiver exceeds a certain predetermined value hereafter called tie lias level.
In the absence of any si gnal , this bias leveJ will cii ocr aalor, 1w exteederl by the
noibe a lone. The highei the bias level is met., the more itnfrequentl1y this loqfpens.
The first problem is to calculate thre required brias level, Piveti the false Mlimi 6(te.
lnWming this bias level, the' rest of the rrol'lerr is to calcal ate tLre pruiolallit V tha~tr
any given value of aienal (plus noise) uill exceed this level,

P""cirelty, the biar level rrhutd not. tc toni large, or thre hir,,trratt. r,r in tile trias; -ti
become of cunrern. &an powe H1 -"hr a InCt frs of crjrrr- ing tire oefcra 'isry 1, isa level fry

considerahl]e factor is discussed.

'Tie mathematical term for tile fluctuation is the 'awaurard deviation, nsualy ,lerr,'r b



"Ihis is well and good, one says, but, is this t~he best means of detection? Shati
about the operator watching a cathode ray tube - what aire his criteria for calling
"lsipnal"? Of course, it is imnpossible to say exactly, as is evidenced by the wide
variation among radar operators. One can see, though, how an operator is affected
by the false alarm time. If he is told that he will be subject t- severe penalties
if he calls a false alarm (calls a signal when it subsequently turns out that there
was none), then he will he very cautious. If a doubtful pill appears, on the s~creen,
he will use discretion and say nothing. Ibis means that unider these cohdition~s the
false alarmi time is increased, and at the same time the probability of detecting a
targret at a given range is decreased.

The operator mey use the shape of a signal pulse contrasted to that of the noise
as a criteria for detection as well as amplitude differences. This is thought to be
a second order effect. The operator, on the other hand, is limited to somne extent
by the minimum brigfhtness ratio vwhich the vye can detect.

It seems that the method of electronic detection proposed above will be practi-
cally as good as any other possible method, electronic, human, or otherwise, if
identical false alarm times and detection times arc assumed. This statement is cer-
tainly not to he considered obvious. it ghould he poosible to makesmeepriet
to verify this theory.

$2 ~METHJODS OF PULSE INTEGRATION

As stated before, to integrate pulses it. is merely necessary to add them to-
Fether. There are many different practical ways in which this is done. One of the
slimplest. is the use of a cathode ray tube screen" Due to the screen persistence
time, a certain number of pulses will be eFfectively integrated. In this case it
will not be a simple addition, being more in the nature of a weighted average. The
effevt of weiprhting is always bad. In other words, the effect of equal samples in
the int~egrated result should be as nearly the same as possible. P P I type of pre--
sentations which use intensity moduated diisplavs usually have much longer integra-
tion, times than an A scope.

Coe mlust not ovcrlgok the human operator,* who goes along with the cathode ray
tube, as a vital part of the detection mechanism. 'Ihe combination of' the eye anid tile
brain makes a very good integrator. In fact, the nmxinjum integration time for a skil-
led orerator may easily he several seconds. Thle best elect~ronic intvgrat ors for pulsedl
radar built to datp will not bretter this figure to any great extent. He~nceforthl,, a
moerle electronic integrator w~hich linearly adds N pulIses will be asucmd.er

lbere are a lergc number of factors involving observero arnd orcillosrojres which are quite
complicated arnd are more or less outside the intended s5cope of thi6 report. l4.nwora anid his41 Fr'oup have done a great deal of work on this subject, tile results of which will apipear inGap.W'iJ of Ref.(19), Most of theae experimental results are also avaiiahle iii lef.(24).



Now, pulses can be integrated i' the R F stages, in the Y F stages, or in the
video stages (0), i14), (16)t (1 ) . 'utlhrmore, there canbe one or more linear or square
law detectors present*, and the integration can be done in one or more steps and in at
least two different ways. Many of these possibilities are reserved for detailed treat-
ment in a separate mathematical report(23)..

Fortunately, the results for the various case- .shiw little difference, Witb Ue
,marked exception. R F and 1 F integration are better than video integration for
small signals (compared to the noise). However. there is no practical way known at
present to take full, advantage of R1 F or I F integration with moving targets be-
cause of the requirement that the successive received pulses must be completely co-
herent("", (14). Coherent integration would he possible in the case in which both
the radar and the target were stationary, but this case is not ofirnuch practical value.
The difference between various types of both detectors and video integrating circuits-**
is small, as far as results of this kind of study are concerned. 'bIre are, of course
rnniiy reasons why a choice is made in practice, such as sensitivity to small changes
in amplifier gains, vulnerability to countermeasures, etc.

It is worth describing one scheme for integrating in which a pulse known to be
only noise is subtracted from each possible signal plus noise pulse. N of these can-
posite pulses are then intvegrated. With no sipnal, the average value of any numler
of such composite pulses is nearly zero, so that the required bias level is consid-
erably reduced. Such a method is much less sensitive to a small change in bias level,

S.and would usually be preferred in practice. This case is much more difficult to
calculate than the straight addition case; and since sample calculations show the
results to be nearly identical, the latter method has been used to obtain the curves
of Figures 1 thru 50.

Figures 51 and 52 show the differqnce in sensitivity to bias level for this
method. Figures 53 and 54 show the comparison of straight integration to the case
in which a noise pulse is subtracted from each signal-plus-noise pulse.

Practical types of electronic pulse integrators often take the form of very nar-
row band audio filters having their center frequency at the pulse repetition fre-
quency( 2 1) or some harmonic thereof. The action of such a filter can be understood
roughly by consideration of the frequency spectrum of a finite group of N pulses. The

" It is assumed throughout this report tihat the video bandwidth is large compared with the I F
bandwidth. Actually, the results will be affectei only if thf video bandwidth is small cots-
pared with the I F bandwidth'0 4

), a condition not often found in practice.

IOne might ask if there would be any advantage in having an integrator which adds; the sur (of'
the squares of tho N pulses t" perhaps the sum of some other function oif the amplitude. Ac-
toslly, it can be easily shown that thi. just vorreoffands to rhanging thi shape of the de-
tector curve, and what is being asked iL, "In any shape of dotetor c-urve much e..rperior 1.o
the linear or equare lavi foral?" Apparently the anwver is no. Thctre is a "best" dlete(:t.0r
curve for every different signal atrength, x, given by log 1 0 (v V'2x) where 1,, is a mudificdI
Bessel function. No iesults have been obtained for this detector function, hit it is dhought
that the maximum difference in range between this and the square law or linear detector will
not exceed five percent.
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envelope of 8itch aspectrum is simply the. familiar sint x/x curve of a sinple pulse,
while the actual curve has appreciable values only in the neighborhood of the harmon-
ics of the repetition frequency (including dc)*. The greater N is, the, more closely
the spectrumu clusters around these harmonics. Thus, the filter may be made narrower,
excluding more and more noise, but retaining most. of the sipnal energy. Wvith such a
narrow band filter-type of integrator it is very simple to subt~ract, a noise;C pulse
from eAch si.-nal-plus-incoise pulae by qating the receiver at a frequency diouble the
center frequency of the, filtfzr. lb prevent the possibility of' a signal on every other
gate, the sweep lr-rigth would ordinarily be held at less than one-half of the pulse
repetition period. The simple electronic type of integrator Los the disadvanthge of a
fixed integration time. 1If the number of pulses returned fromn a target i~s greater or
less than the number of pulses for which tine i1ategrat~or is set, the operation suffers.
With the human operator, the story is different. lie can adjust his integratiovi time
rapidly Lo fit changing situations. T'his nrocedure could be approximnted eA*ectroni.-
cally by the iise of trio or axtrye muccessive n'rtegrators in Peries,*$ or by the use of
so-called "weighting, circuits." Such a complicated procedure doe., not conic within
the scope of this report.

METHOD OF OBTAINING THE BI1AS LEVEL

Bly nw*,ans covered in det~ail ('", in a separat~e mathemiatical report-t, th- probabi-
lity that the suts of N pulses of noise voltage alone will be greater than an arbi-
trary level y is obtained. Ibis relation m~y be symbolically represented by

ply (Y)(13)

where y is mneasutredi in units of the ruis value of the noise. The number of groups of
noise pulsevs whirl ;ire ol";rrvoil iii a Fixed false alarm time, 'rf ,Is then fourid.

When spealhing of noise puls4es, it is convenient to assume mentally a range ga te
equal to the pulse length at a fixed range. If the range sweep is continuous, such
as with an A4 scope, the effective number of independent pboise pulse~s observed in one

The re is a clotac resetrblernce Inctwccn so, i u spiectrum and tihe di ffraCtioIt ptttern of an IV
-ali t gUating (see any standard text hook oin physical optics).

SThe advantage of a multistage in~tegrator is that if a sijnual which i3 large ettourh .so that
the number of pulses whit-h rneed to be. integrated in order to produce a do tecteble siti~al
occur in a timeo appreciably less than the total inutegration time, one of the aub-stages
Will detet: tdte signal mut-h sooner thant will the final stage..

-7, it turins nwit that the fittrtion-, whichl uleseriihe the Yprobablti ity that thet noise a lone, Dt a
given strenyth si gnu puts nouire will have arty arliAtratý ampIiitude, ari- tjoti te crtspl i.at ed
antd hence onlý some of thle results and genieral i toeedttren lire gi ven ii ithif reportt. Fur- -

tltcrtore, it shot, ld be teen tioned itt passing that the use of Lhe tent ti I lirt iteorr-tt, or
the so-cal led rtoxatal approximaationt," is lint va lid ut-ilI the tinumber of pulsI es intvgratedl is
of the order of 1000, ibis is becauise the valties of the distribution funictions far out no
the tails pl1ay a major role ia the calculatioins . nPverai investigators iii the past have
made the mistake of mssurni rg thtt the normall approximation was sati1Afat tory if A were otil]y
of the order of 10.



re'pe tit.ion period is given by t-he I enp thi of the -sweet) di vi tied by the pu I c leng~th',
hereafter called q~. 'It is apparent that -q 2L ;c-rp - 10. 8L/,r where 1, is the sweep
length in miles, c is the velocity of lighlt, and ris the pulse lenegth in micro-
seconds. In the special case in which the sweep ovcuppie8 the total Litte between poisos,

1/7 f,, which is merely the reciprocal of the dJuty cycle. 1he time' for N pulses

t~o occur is N/f , Therefore- fa fa obccorved inte-in.- n.;mn,

only one gate pet, L;%eep. Since the effective inumber of pates per -sweep) is -ri, the to-
tal number of independent. chances for obtairing false alarm in fa 15

n fr (14)

The false alarti, time is defined as the ti we in iwhich the prol-ability is V~ta thc
nuise will not exceed the bias level..' From (13) and (14),

from which y, the bias level, is obtained.

PROBABILITY OF DETECTING A SIGNAL

Having established the value of thle bias level, the probability that a signal
will exceed this level in a griven time, namely the detection time -r d' must be calcu-
la ted. The ziignal is assumed to consist of N integrat,--d pulses. The time of sucha
pulse group is N/f Thýe numnber of such groups which occur in -ris given by

:7 ---- -~

As a corollary to the previous definition of detection, it is now assumed that the
signal is detected if any one of thre -y' groups oif pulses excceedsq the bjias level. On e
will ask, at this stage, 'Vhy not count exavtly how imarry times the- sig-nal exceeds the

If the range geite is rtaih wider thwe itie polse length, the operation of ibse integtrator vwill
su~ffer 'flore or less, deprnding on, the exarc type of integrator used. 1his rorresponds
somtewhat to Ote caee uf ant oscilloscope where the spot does not. move by at least its
diameter within a pulne length.

'Ibis derivation ossumes that the otnretnra is not srnnnitw, %ith a sCrflytiit altietlin, inie-
gratin(! channels mset, be depoyted in angular position an well as in time, in order for
(14) to hiold, the numnber of poulses per channel per scars muts~ be equal to or greater than
A. the number of pulses which each channel inttegrat~es.

This very nearly. thoUght noot, eXaGtly, Corresponds to thte earlier dtet'nr tion given ont p, 7



bins level'?" hlis would it, effect correspond to a two-stage integrator. Such a de-

vice is not. cisidered here, though it is -asv to !.r!ke an c)t.,nssiou ouf tuhe present
theory Lo cover this case.

At. any range B, the normalized signal strensth x is obtained from Fq.(12). The
probability that the signal plus noise will exceed any value y for-a single group of
N integrated pulses is known(U'), and may be represented symbolically as

P f(y,x). (17)

The probability that at least one of the y' groups will exceed the bias level y is

then

I-' = I- (I-P) . (1)Y

Notice that y/ must. be an integer for the analysis to be strictly correct. It will
be saLisfactory, however, if one always requires y' 1.

EFFECT OF ANTENNA SCANNING

If the antenna is scaniing, some modifications of Eq.(16) for -y', the numb.er of

groups of pulses integrated, will be necessary( 2 4 ý. If, with a P P I type of pre-
sentation, the antenna moves at an angular velocity co, and the beam width is B, then
the number of pulses per target per scan will be

Bfr
N (19)

sc

and (16) is replaced by

-A, A (20)

where f is the number of scans per second. With a simple type of electronic inte-
grator, sN must be equal to or greater than N for Eq.(20) to be valid, assuming that

the integrator does not hold over from scan to scan. If the inte.rat.or does hold over
from scan to scan, as an operL~or pizrtia~ly does, then it is only necessary to have
,y >,] as before. In any case (20) only holds if d s .

If 1rd<l, then y' - N /N, which must be equal to or greater than 1.'
I fc< se I,

It is always best for Y' to equal 1. In this case the integrator effectively integrates
vulses during the whb-e of the detection time. vY'A is the case in which the detection time
is longer than the tnteoratian tise. Here the ,.obability for detection is greater than if
the detection time were reduced to the integraaion time, but less than it would be if the
integration tine were increased to equal the detection time. 11he case for -"/0 is that one
in which the number of signal pulses occuriug are fewer then the number for which the inte-
grator is set. In this case the probability of detection ia reduced frcw, the value it would
have if the integrator were set fnr c-actly the nuniher of signal pulses Uhich cccur. T'o cal-
vulate this latter case would require using N to calculate the bias level as in (15), but
the use of some lesser value A in obtaining (17). This will be done, but results have not

14



PBFSENTATION OF THlE RESULTS3

The results are presented int the form of a set. of curves. This is necessary he-
cause of tile complicated form of the analytical solutions. T7he parameters involved
in the curves are:

P the probability of detecting a target at )lange R
BROR the iratii of the range to the idealized range.

fa7 the false alarm time

-, the pulse repetition rate

- the number of pulse intervals per sweep.

t he detection time

the scan frequency

A - the number of pulses per, scan

N the number of pulses Initegrated.

A summary of the range' of the variables for the curves presented will be found
on page 21.

AN EXAMPLE WITH A QUASI-STATLONAAY TARGET

A simple example is itow solved assliminp a stationary target. The radar set will
also be san~umed to be stationary. The following data are taken as given:

=A angular rate of antenna 30'/sec, 1 1/12

B -beaut width of antenna 30

pulse repetitioni rate 500 per second
Tr pulse lenpth nI microsecond
p
R0  idealized range for given tartpeu arid averape aspect 40 miles

'rfa required false. alarm time, 5 minutes

rd required detection time 25 seconds.

717 1/-f if the sweerp orccuies the, total time' between puises.

q0 aino (16), and the conditiona ton (20). Ihe nota.tion used on Figs.1-54 is 'Y

which repreaent~s the special case in %Whch there is no scanning, In general this should
he replaced by VTd'fscN sc



Type of detector -electronic interator, N 50; sweep length =20 to 80 miles.

Step 1. Calculate N from (19)
$C

/fr 3x×500
N : ~-- --- z5Q

sC 01 30

Step 2. Calculate y from (20)

25x 10 4Y dfsc~sc i7 2 )<-•50 :

Step.3. Calculate I from I OW.8L/T where L is the sweep length in miles and T is
the pulse length in nicroseconds. P

10.8x(80-20)•1 -1 - 648

Step 4. Calculate n from (14)

n -rfa. f.77 (5X60)x500Y64.F 0.98xfl8

Step 5. fRefer to Fig. 23; n = 10' and =100. Mentally interpolate a curve for A
50 between N a 30 an•d N = 300. This curve gives probability of detection at

any i/R 1, R is given as 40 miles. For instance, P = 0.50 at. B/o n 1.07 or
at t = 3 miles.

MOVING TARGETS AND/OR RADAR

If there is an appreciable change of range with time between the radar and the
target, a limit will ordinarily be set on the number of pulses which can be integrated.
This is because the returned pulses will just fail to overlap when the target Wa5
moved through a 6istance d = TnC/2 whece e is the velocity of light. Ihe effective
distance nver which the pulses can be assumed to contribute their full amp)litude is
about W' this value. if the rate of change of range is v, the time available for in-
tegratlon is

T T C
(21)

4 t'

"Ihe Waximunm nunber of Pulsis which can be integrated in thib time iW

N Jf (22)
6max r T

16



This quariti t~y N., is the niaxinultm ,umbet, of pulses that can hie integrated,* provided
that it is not greater than N , the rumrl~er of pulses per scan. In tIre case where

NM" then A'S is the maximunt numbher of pulses which can be integrated.

I n the case of approaching targets, one mray be concerned withi t he probability
that a target. will be detected by thre time it has reachied a certain range. Assumi ng
the target. to ltavd started Ats approachi at range R,, tOle probability that it will have
been detectedl at lonst onlce by thre time it reaches range H is

P -1 P( (23)

where Pt progresses from 1i to R in units of MR. The eleth inf* tHie ARt iit~erva Is
and the number rif pul-ses intecgrat~ed pler Linterval are determined from t he cortsidera-
GiODS given above.

An exameple foillows in which (23) can lie reduced to a part~icularly s impl e frorm-
As.sume a continuously directed ,e~arn (no scan) and tihe tartiet. moving toward the radar
with a constant maicqe ra,,ir -,. 'lire finite product in) (23) may he. appr- 'imated by

B I

log, O 1nB ~ $ (-P) d~l (24)

and using AR =d 4 equiat ion (23) becomes

Sf (1-P)di?

'Ihe inteprations necessary in the solution oif this type of prc'hlenn mfust be p~erfoirmed
numnerical ly, using tire praphical data of figures I to 50).

In p~oblores wiere the antenna is scanning, equation (23) may he approximated in]
differernt ways derending on thre exact values of the paramieters invol ved. 'llese are
rat her 'imlpi c to Work ollt In ally speci fic case.

A sysýterr could presunably be len It inuorporatior oine or morp ve loci ty paves. Such it vtcl octy
pate would travel ivith a piven preset velocjný. I it rh i asp, fl) v relIa ti ve V eloic ty c; I tht,
toriret It, that. of the Fi t e, V-Vg , Canl UP usedl in Eq. (22) in plave of n~e to rgert vi-Inority,
Vj. 'nhe greeoter the nutiskar cif velocity gate-s rised, the Frien tel. Vill tin. pril'aI'i lit y UP that

the, dii fericrree betwreen 0&i targ.'r yekLoii Lv and Some one of the fates wi Ill' hvery isn sil.
1llere~fore, in thin na tc thev al I'ivstn I vs bie (it N,,,swill lie Isrpe , and thLe na ot'alil i t~y of
detection ill this rate will be inctreased.

In any iouli-chbannel receiver, such as this, the number ol pulse intervals per sweeni, 17, must
1be multiplied by the number of channels in calculating n

17



EXACT EFFECT OF THE NUMBER OF PULSES INTEGRATED ON THE RANGE

One might expect that for a given n and a given probability of detection, the
range to the fourth power would vary as N, as was stated on page 9. This would be
true with coherent integration, but with video integration the variation is between
N0 and N (assuming a threshold signal). This effect is due to the so-called "modula-
tion suppression"of the weak signal by the sLronger noise in the process of detection.

Fig. 55 shows the exact variation of the exponent of N, here called 6, as a
function of N, and of n, for P fixed at 0.50. the effect of n is seen to be quite
amall.

Fig. 56 shows the variation of the exponent of A for an incremental change of N
as a function of N and n. P is again fixed at 0.50. In both cases, 0 approaches 0.5
as N approaches infinity; thonuh much more slowly, in the first case.

APPLICATION OF RESULTS TO CONTINUOUS-WAVE SYSTEM

'Though this report is concerned primarily with pulsed systems, the results are
directly applicable to continuous-warv systems. To accomplish this, the following new
notation is introduced:

P = the average cw transmitter power.
as
f = the combined B F and I F bandwidth of the cw receiver.

7]' -- the number of separate velocity channels incorporated in the receiver.*

The change-over is then made by nuans of these substitutions:

Replace E by 1' /A in ft
-0p " w

Put y = rdIf

hit n = ' a f'

NV is now to be ta|ken as the number of variates (of duration 1/ -1 ) which are inte-
grated after det•..,ton."

In both the pu[.e and cw analyais it has been assumed that the range or velocity gates or
channels are fixed in position. In the case where such gates sweep as a function of timc
in order to conserve apparatus (or for any other reason), the analysis is not strictly
valid. A good rule-of-thumb is that the gate should nove through the amplifier pasn I'and
in a time equal to the reciprocal of the umplifior pass band. IN this case the effective
visibility factor is about 0.8. Curves of the visibility factor for other sweep speeds are
given in the Mathematical Appendixtaý (a separate report).

Integration of iv variates tefore detection merely corresponds to narrowing the H F (or I l)

bandwidth by a factor of ""
18



IV mutst be lesK thka 'y for the theory to hold. Art nptimum cw nystfen, is one in
which -y I (ý- I /Af ), and ' = 1. 1his gives the greatest range for a given
energy expended during the detection time, Td. bhis corresponds exactly to the case
A' = 1 and -y -1 in a pulsed system. If the numb•er of range channels-'/ in the pulsed
system is equal to the number of velocity channels r' in the cw system, then the two
bystems, with N = I and y' = 1, will have identical ranges for the same average power.

In either case, if N>I, a larger amount of average power is required, every-
thing else remaining equal. In the pulsed case, reducing N necessitates higher peak
powers, which may be impracticable; or it necessitates longer pulse lengths, which
reduces possible range-resolution and at the same time aggravates the effect of a
fixqd Doppler shift due to the narrowing of the receiver pass band. In the ew case,
reducing N necessitates a target with rel, onably constant velocity so that the signal
will not wander in and out of the pass band of the receiver, and also a sufficiently
slow scan so that each target. "pulse" is at least as long as the reciprocal of the
receiver pass band.

ii

j I"
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RANGE OF VARIABLES FOR FIGURES 1 THIIU 50

Fig. P Rlpo n ',

1 variable variablc 10' 1 .

2 ' 10 1,3,10

3 • 100 1,3,10,a0,100

4 1 1000 1,3,10,30,100,300,1000

5 1,10,100,1000 1 . . . .... .....

6 • "____100.1of000 10 _-- __---- _-- "

7 . ,. |oo.oo100,1000 100

8 .1,10,10o0,100,

10 • 103 1,0,10

17 " 30 , 1 ' ,,10,30

113 _ _03000010 1,,0310300

14 [300"1000 1,3,10,30,100,300,1000
i1 1. ",',3,10,30,100,300,1000 1
'" 16 10,30,1003,00,00 ,1 0

24 100 ,31030,100,300,100003

6 10',300,1000 l00

29 3________100,1000 100

20 __" , .N 1 ,1) 30100o 300,1000

22' lo " {1 1,3,10

23_ ____ ___ 100 1,3,10,30,1001

24 • { • ___" i 1000 1,3,10,30,100,300,1000

25 :1_,10,100,1000 _10

6 10,100,1000 10

37 10 0,1 '" 100 _oo . .. ..

38 l r10  1,3,10
"31' __-_ " ' 100 [1,3.10 30.100

34 1000 1,3,10,30,100,300,1000

33 . 1,10,100,1000 1
34 "0,100,1000 10

35 100,1000 100

So4 10 1 3,10,1010

-39 1000 1.3, 1 , 30,10

5 0. " ' , 0 N ,... 1,10
42 ' " 10. 100,1000 Io

44 0 " " _ N 1,10,100,1000
45 0.50 " vorimb le N 4 1,10,100,1000.
46 0.90 , : - --- • N 1,10,100.1000

47 0.99 N 1,10,100,1000

4• 0.50 - 7 N - variable variable

_ 1 •10 101. _ ___

49 0.00 '100' 10 N - variable variable 1
!oo io"• {

.9 1 0 ' 10 6 N -_ v a ria b le v or ia b l
rs :2 o IW
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